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Prediction of limit cycle amplitudes in thermoacoustic engines by means of

impedance measurements

V. Zorgnotti,1, a) G.Penelet,1 G. Poignand,1 and S.L. Garrett1

Laboratoire d'Acoustique de l'Université du Mans (UMR 6613 CNRS),

avenue Olivier Messiaen, 72085 Le Mans Cedex 9, FRANCE

(Dated: 28 July 2018)

This paper deals with the prediction of the frequency and the amplitude of self-

sustained oscillations generated in thermoacoustic prime movers, which are compared

to measurements. A specially designed, high amplitude, acoustic impedance sensor

was developed to perform measurements of the input impedance of a thermoacoustic

core, as a function of the heating power supplied to the device, of the frequency, and

of the amplitude of acoustic forcing. Those measurements can then be used to pre-

dict the spontaneous generation of acoustic oscillations and their saturation up to a

steady-state. Those predictions were successful for various acoustic loads connected

to the thermoacoustic core. Moreover, the measurements of acoustic impedance as a

function of the amplitude of acoustic oscillations are compared to a model based on

the linear thermoacoustic theory, and this comparison provides insights into the pro-

cesses controlling the saturation of acoustic oscillations. The experimental procedure

described in this paper can also have practical value, since it provides an empirical

way, in principle, to optimize the coupling between the thermoacoustic core and the

load, so that the potential e�ciency of thermoacoustic energy conversion is maxi-

mized.

a)Electronic mail: valentin.zorgnotti@univ-lemans.fr
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I. INTRODUCTION

Heat addition, which is one of the elementary sources of sound production1, is employed

for the purpose of energy conversion in devices called thermoacoustic engines. The basic

elements of these devices are an acoustic resonator and a porous medium inside, usually re-

ferred to as a stack. Heat addition is employed to maintain a temperature gradient along the

stack, and this leads (above a critical value of the temperature gradient) to the spontaneous

generation of high amplitude acoustic oscillations at the frequency of the most unstable

acoustic mode. This transduction process, which occurs within thermal boundary layers

in the stack, can be used for the delivery of mechanical power to a load, giving rise to a

thermoacoustic engine2.

Thermoacoustic engines have been studied for about three decades3, and because of their

inherent simplicity and their good performances4�7, they represent nowadays credible al-

ternatives to other kinds of thermodynamic engines2, e.g. for applications devoted to the

recovery of waste heat8. Although much has been done in terms both of engine develop-

ments and basic understanding of their operation, further e�orts are still needed to promote

their applications. Among the key points which still require further research are the accurate

description of sound propagation and heat transport through stack/regenerators having com-

plex geometries (e.g. metallic foams or stacked meshgrids9,10), the accurate description of

both entropic and hydrodynamic entrance e�ects involved at the ends of the stack and of the

heat exchangers11�13, or the proper account of nonlinear e�ects like acoustic streaming14,15 or

higher harmonics generation16. It is indeed worth pointing out that although various design

tools17,18 based on Rott's linear theory of thermoacoustics19 are available, the accurate pre-

diction of a limit cycle amplitude (or even its stability) remains, sometimes20, an important

issue.

This paper aims at evaluating a new way of characterizing the operation of a thermoacous-

tic prime mover, which is based on a "black-box" approach, or in other words on the char-

acterization of the thermoacoustic core as a whole, from experiments. Similar approaches

have already been used but were actually limited to low amplitudes of acoustic pressure:

Guedra et al.10,21 as well as Bannwart et al.22 have shown that the measurements of the

acoustic transfer matrices of a thermoacoustic core (within a given range of heat supply and

frequency) can be used to predict the onset of the thermoacoustic instability for various en-
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gines equipped with the thermoacoustic core characterized beforehand. A similar approach

has been used by Hatori et al.23 who have shown that acoustic impedance measurements can

be used to de�ne the optimum load that should be connected to the thermoacoustic core, so

that a minimum temperature gradient is required to trigger self-sustained oscillations. The

main advantage of these approaches is that once the thermoacoutic core is characterized

in terms of a two-port network21,22 or a dipole23 for various amounts of heating and vari-

ous frequencies, there is no need to describe heat transport and wave propagation through

this element. It is then quite straightforward to evaluate the optimum acoustic state at its

boundaries giving rise to maximum thermoacoustic ampli�cation. This amounts to solving

an eigenvalue problem, as shown by Holzinger et al.24. However, all the studies mentioned

above were limited to the linear regime where the impact of high amplitude acoustic oscil-

lations on the mean temperature �eld (e.g. due to acoustic streaming or to thermoacoustic

heat transport within the stack) and on power dissipation (e.g. due to the generation of

vorticity close to the stack ends) were not considered. Due to these omissions, the use

of experimental data is necessarily limited to the prediction of the onset threshold of the

thermoacoustic instability, since no saturation mechanism is taken into account.

In this paper, we present an extension of these works to the regime of large amplitude

acoustic oscillations. The basic idea consists of measuring the acoustical input impedance

of a thermoacoustic core as a function of the supplied heat power, of the frequency, and

of the sound pressure level (imposed by the acoustic impedance sensor). We show that

the measurements can be used to predict the amplitude and the frequency of steady-state

acoustic oscillations resulting from the (resonant) coupling of the thermoacoustic core to

an acoustic load. In section II, the experimental test-bench is presented and attention

is focused on its calibration procedure. In section III, various results of such impedance

measurements are presented and compared to a model based on Rott's theory19 combining

a description of sound ampli�cation by temperature gradients, and of sound saturation due

to thermoacoustic heat transport: this model is described in Appendix A. We also show

that the experimental results can be used to predict steady-states, and that the predicted

steady-states match with the ones obtained in experiments. Finally, conclusions are drawn

in section IV, where possible extensions of these works are also discussed.
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FIG. 1. (a) Sketch of the experimental set-up for acoustic impedance measurements. The

impedance sensor consists of a moving coil loudspeaker mounted inside a cavity. The input

impedances are computed (from the two microphone signals) at the red dashed line location, i.e.

at the sensor output, where any load can be inserted. (b) This set-up is described as an equivalent

electric circuit. The rear cavity and the volume of �uid facing the speaker cone are represented as

equivalent admittances. The coupling duct, along which Mic. 2 is mounted �ush, is represented as

two two-port networks with their associated transfer matrices T31 and T32. The microphone labeled

as Pref is an additionnal microphone used to measure the sound pressure level into the load.

II. APPARATUS

A. Experimental set-up

A sketch of the experimental set-up used for acoustic impedance measurements is pre-

sented in Fig. 1(a): it is a high-amplitude acoustic impedance sensor25,26 developed espe-

cially for this study which allows measurement of the ratio of acoustic pressure to acoustic

volume velocity, at the entrance of any acoustic load attached to the sensor. The measured

impedance is therefore the input impedance of the load. This device consists of a moving coil

loudspeaker (Beyma 6MI100) mounted in a rear cavity, and connected to the load through

4
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a front cavity and a coupling duct. A microphone (Mic 1, see Fig. 1) is �ush-mounted in

the rear cavity to measure the acoustic pressure p1(t), while another microphone (Mic 2,

see Fig. 1) measures the acoustic pressure p2(t) in the coupling duct. The front cavity is

essentially a gas spring and it corresponds to the volume of �uid facing the loudspeaker's

front cone. It is connected to the coupling duct, whose diameter matches the diameter of

the acoustic load. The two microphone signals are used to compute the input impedance of

the attached load at a location marked with a red dashed line, at the sensor output, in Fig.

1(a), as explained below. An electroacoustic analog of the experimental test-bench is also

presented in Fig. 1(b), which helps understanding how the impedance can be calculated

from the measurements of the acoustic pressures p1(t) and p2(t). The computation process

is based on the accurate knowledge of the system acoustic behavior and the geometry of the

apparatus.

The lumped-element model of Fig. 1(b) represents the rear and front cavities as two com-

plex admittances Y1 and Y2 which are determined from the calibration procedure described

in the next sub-section. The coupling duct used for the connection to the load (and for

the measurement of the acoustic pressure p2) is described by means of two-port networks,

whose corresponding transfer matrices, T31 and T32, can be determined as far as the lossy

propagation of plane waves through each piece of duct is assumed. More precisely, each

matrix can be derived from the formula

T =

 cos(kL) −iZc sin(kL)

−iZ−1
c sin(kL) cos(kL)

 , (1)

where L stands for the length of the duct, and where k and Zc respectively stand for the

complex wave number and the characteristic impedance of the duct [e.g. see ref22, Eqs. (14)

and (15)]. Therefore, if the admittances Yi and the T-matrices T31 and T32 are known, it

is almost straightforward to determine the input impedance Zin as a function of the an-

gular frequency ω and of the frequency response function de�ned as H21 = p̃2/p̃1 where

p̃1 and p̃2 stand for the complex amplitudes of acoustic pressure measured by the two mi-

crophones [these complex amplitudes are de�ned from the �uctuating pressures pi(t) as

pi(t) = < (p̃ie
iωt)]. When the sensor executes harmonic oscillations at angular frequency ω

and is connected to an arbitrary load, the input acoustic impedance Zin = p̃in/ũin is de-

�ned as the ratio between the complex amplitude of acoustic pressure (p̃in) and the complex

amplitude of volume velocity (ũin) entering into the load. The pressure p̃in and the volume
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velocity ũin can be written as functions of the pressure p̃+ and volume velocity ũ+ just in

front of the loudspeaker membrane:p̃inũin
 = T32 ×T31 ×T2 ×

p̃+

ũ+

 , (2)

where T32 and T31 are the T-matrices describing wave propagation through the coupling

duct, and where

T2 =

 1 0

−Y2 1

 (3)

corresponds to the transfer matrix of the front cavity (i.e. from the membrane to the

entrance of the coupling duct). The volume velocity provided by the loudspeaker ũ+ can be

expressed as a function of the pressure measured by Mic. 1 and of the admittance Y1 of the

rear cavity:

ũ+ = −Y1p̃1, (4)

while the acoustic pressure p̃+ can be expressed as a function of ũ+ (and therefore of p̃1)

and of the measured pressure p̃2 through the transfer matrix T2 of the front cavity and the

transfer matrix T31. As a result, an explicit relation between the input impedance Zin and

the frequency response function H21 is obtained, which involves the transfer matrices T31

and T32 of the coupling duct, and the admittances Y1,2 of the front and the rear cavities.

However, an exact estimation of the latter admittances Y1,2 can not be obtained analytically,

and therefore it has to be estimated experimentally from a preliminary calibration procedure.

This procedure is described in the following sub-section.

B. Calibration procedure

The accuracy of the measurements relies on the quality of the calibration of the system,

which involves a good relative calibration of the two microphones and an accurate knowledge

of the admittances Y1 and Y2. Both the rear and the front cavities mainly act as gas

compliances, but these compliances are not easy to determine from the dimensions of the

system, and there are also some losses in the cavities which must be taken into account.

Therefore, the admittances Y1 and Y2 must be determined from experiments as functions of

the frequency, and this is done by means of a two-load calibration procedure25,26.
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Two measurements are made, at low amplitude of forcing, with two di�erent loads con-

nected to the sensor. One load, denoted as Z(R)
load, is a rigid plate and a �rst set of measure-

ments H(R)
21 (ω) is obtained. The second load, denoted as Z(D)

load is an empty duct of length

L = 20 cm and inner radius R = 2.7 cm which is terminated by a rigid plug: this leads

to a second set of measurements H(D)
21 (ω). Because the corresponding impedances of the

two loads are known from theory, they can be used as references so that the two sets of

measurements enable determination of the two unknown admittances Y1 and Y2 as functions

of the frequency. After manipulation, this leads to the following relations:

Y1 =
1

Z
(R)
2 H

(R)
21 (β(R) + γ(R)Y2)

, (5)

Y2 =
Z

(R)
2 β(D)H

(D)
21 − Z

(D)
2 β(R)H

(R)
21

Z
(D)
2 γ(R)H

(R)
21 − Z

(R)
2 γ(D)H

(D)
21

. (6)

where the frequency dependent parameters β and γ are de�ned as

β(R,D) = −Z(R,D)
2 T31(2, 1) +T31(1, 1),

γ(R,D) = Z
(R,D)
2 T31(2, 2)−T31(1, 2).

T31(i, j) stands for the coe�cient of the ith row and jth column of the transfer matrix T31,

and

Z
(R,D)
2 =

T32(2, 2)Z
(R,D)
load −T32(1, 2)

T32(1, 1)−T32(2, 1)Z
(R,D)
load

(7)

corresponds to the impedance at the position of Mic. 2, which itself depends on the reference

load, Z(R)
load or Z(D)

load. Once the two admittances Y1,2 are determined, the quality of the

calibration is checked by measuring a third known load, e.g. an empty duct with a di�erent

length terminated with a rigid plug, and by comparing the measured load with its theoretical

value.

Because the objective is also to measure the input impedance as a function of the am-

plitude of forcing (with acoustic pressure amplitudes ranging from a few tens of Pa up to

around 1300 Pa in the following), the possible dependence of Y1,2 with the acoustic pressure

amplitude due to nonlinear losses within the impedance sensor must be considered. This is

done by �xing the angular frequency and by repeating the two-loads calibration procedure

described above to determine the variations of Y1 and Y2 as functions of the pressure am-

plitude |p̃1| in the rear cavity. Such a nonlinear calibration procedure is however based on
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FIG. 2. (a) Schematic representation of the thermoacoustic engine. It is composed of an empty duct

(the load) connected to the thermo-acoustic core (TAC) inside which is placed the stack subjected

to a temperature gradient. The left-side of the load can either be open or closed by a rigid plug.

(b) The input impedance of the load is measured as a function of the frequency. (c) The input

impedance of the thermoacoustic core is measured as a function of the heat power supply, of the

frequency, and of the amplitude of acoustic forcing.

the assumption that the impedances of the two reference loads do not depend on the sound

pressure level, which might not be the case (especially for Z(D)
load) because of nonlinear prop-

agation e�ects27. As will be shown in the following, the accuracy of the results presented in

section III seem to con�rm that this approximation remains acceptable as other sources of

errors play a more signi�cant role.

C. Basic principles of the measurement procedure

The system under consideration in this study is the one presented in Fig. 2(a), which con-

sists of a standing-wave thermoacoustic prime mover. It is basically composed of an acoustic
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resonator with a porous medium inside, referred to as the stack3, and the application of a

temperature gradient along the stack is used to trigger self-sustained resonant oscillations.

The goal of this study is to make use of the impedance sensor that has been described

to predict the onset of acoustic oscillations as well as the amplitude and the frequency of

those steady-state oscillations. To that purpose, the basic idea is to make use of impedance

matching between two sub-parts of the engine, which are characterized beforehand using the

impedance sensor (see Fig. 2(b-c)).

The �rst sub-part of the engine, denoted as the load, is a duct with a variable length

Lload and inner radius Rload = 2.7 cm �lled with air at 1 bar and room temperature T∞.

It can be either closed by a rigid plug or open to free space (it could also be connected to

a mechanical load like a loudspeaker). The load does not contribute directly to the ther-

moacoustic ampli�cation of sound waves, but it plays a key role in the potential triggering

of self-sustained oscillations since its coupling with the other sub-part determines both the

eigen frequencies and the associated spatial distribution of the acoustic �eld. The second

sub-part of the engine, i.e. the thermoacoustic core (TAC), consists of a duct with length

Ltac = 34 cm and inner radius Rtac = Rload, terminated with a rigid plug. Inside this duct,

the stack of length Ls = 4 cm is inserted. The tube that is formed by the remaining part of

the core, between the stack end and the rigid plug is called the thermal bu�er tube (TBT)

and it is 22 cm long in this study. It consists of a 400 CPSI (Cells Per Square Inch) Celcor R©

ceramic material made of many parallel square channels running along the duct's axis. The

role of the stack is to promote the thermoacoustic ampli�cation process which occurs within

thermal boundary layers in each channel3. Heat is supplied on the right side of the stack by

means of a nichrome wire (50 cm in length, 0.25 mm in diameter) which is rolled through the

stack end. This wire is connected to a DC power supply, so that the temperature gradient

is created because of the heat leaks through the lateral walls and the left end of the stack

is not equiped with a cold heat exchanger (see Fig. 2). Two thermocouples are placed in

the thermoacoustic core: a �rst one gives the temperature Thot along the duct axis close to

the Nichrome wire, and a second thermocouple measures the temperature Tin at the input

of the thermoacoustic core. These two measured temperatures are only used as indicators

of the temperature �eld in the system (notably to check that the temperature Tin remains

close to the room temperature T∞) which is not uniform through the duct's cross-sectional

area.
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As depicted schematically in Fig. 2(b-c), the experiments performed in this study consist

in measuring the input impedance of each sub-part. The input impedance of the load

Zload is measured as a function of the angular frequency ω. The input impedance of the

thermoacoustic core Ztac is measured as a function of the angular frequency, of the heat

power Q supplied to the Nichrome wire, and of the peak amplitude P of acoustic pressure

measured with a third microphone mounted �ush through the rigid plug facing the hot stack

end (see Fig. 2). Note that this pressure amplitude P can be controlled by the electrical

power supplied to the impedance sensor. The interest in measuring the impedance of the

two subparts is that the connection of each part amounts to matching their impedances,

which can be expressed as

Ztac (ω,Q, P ) = −Zload (ω) , (8)

where the minus sign in front of Zload comes from the choice of a direction for the acoustic

volume velocity (oriented towards the thermoacoustic core). Eq. (8) is actually similar

to the characteristic equation of the complete device18, and its solution provides a way to

determine the possible steady-states associated with the autonomous oscillator considered.

More precisely, if a given amount Q of heat power is supplied to the TAC and if there exists a

(real-valued) angular frequency ω∞ as well as a (positive) pressure amplitude P∞ so that Eq.

(8) is satis�ed, then the solution (ω∞, P∞) corresponds to the frequency and the amplitude

of a limit cycle potentially achieved by the system. Note, however, that Eq. (8) might have

no solution (e.g. if the power supply is lower than a threshold value, or if the frequency

range investigated does not include a natural frequency) or it might have several solutions

(e.g. if the system is bistable, or if the frequency range investigated includes several natural

frequencies).

If the measurements of Ztac(ω,Q, P ) and Zload(ω) are performed within a given range

of frequencies and pressure amplitudes, and for di�erent values of the heat supply Q, then

the post-processing of experimental data enables prediction of the steady-state potentially

achieved by the device without any need to have information about the nonlinear processes

responsible for the saturation of sound. The proof-of-concept of this procedure, which has

been employed for several decades in the �eld of electronics28, is validated in the next section

on the thermoacoustic engine described above.
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FIG. 3. Real part and imaginary part of the input impedance of the thermoacoustic core, Ztac, as

functions of the frequency. The stack of length Ls= 4 cm is placed 22 cm away from the rigid

plug, and the supplied heat power is switched o� (Q = 0), the amplitude of acoustic pressure P

is around 100 Pa, so that the measured impedance is a linear impedance which does not depend

on the amplitude of acoustic forcing. Experiments (solid lines) are compared with the theoretical

model (dashed lines). Note that the geometrical parameters of the stack are adjusted to match

with the experimental data.

III. EXPERIMENTAL RESULTS

A. Input impedance at low-amplitude, without heating

The experimental results obtained for the input impedance of the thermoacoustic core are

shown in Fig. 3, within the frequency range from f = 130 Hz up to f = 200 Hz, and with the

stack placed 22 cm away from the rigid plug (i.e. Ltbt = 22cm). These results are obtained

without providing heat to the TAC (Q = 0) and for a low-amplitude of acoustic forcing

(around 100 Pa), so the acoustically induced heat transport along the stack can considered

as small, and the temperature distribution through the TAC can be considered as being

uniform at room temperature. The input impedance is presented in terms of an acoustic

resistance < (Ztac) and an acoustic reactance = (Ztac). As can be seen in Fig. 3, the TAC has

a negative reactance which grows with frequency: such a result is consistent with expectation

because the wavelength is much larger than the length of the TAC within the frequency range

investigated, so that the TAC mainly acts has a gas compliance (i= (Ztac) ∝ −i/ω). The

real part of the input impedance is always positive, which is also expected since sound

ampli�cation does not occur, and a positive power Win = 1
2
< (Ztac) |ũin|2 must therefore be

provided by the impedance sensor to sustain the acoustic �eld.
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Although the main scope of this study deals with experiments, it is interesting to compare

the input impedances obtained experimentally to the ones obtained with a model based on

Rott's theory19. This model is presented in appendix A and it is used to calculate the input

impedance as a function of the pressure amplitude P , the heat supply Q, and the angular

frequency ω. The model describes the thermoacoustic process within the stack, which is

treated as a collection of parallel channels having a porosity φ and a mean channel radius

r0. The model also describes heat transport through the TAC, and it accounts both for the

heat leaks to the lateral walls and for the thermoacoustic transport of heat. In Fig. 3, the

results of the model are also presented (a linear version of the model with Q = 0 is employed,

since Ztac does not depend on P for low amplitudes). In the model the stack is treated as a

collection of cylindrical pores, and the inner dimensions of the stack, namely the pore radius

r0 and the porosity φ have been adjusted to r0 = 0.57 mm and φ = 0.75 in such a way

that a good agreement with the experimental results is obtained. It is worth noting that φ

and r0 are very close to the values speci�ed by the manufacturer for 400 CPSI Celcor R© and

also to the values retrieved by Guedra et al.20 in a similar case. The theoretical value of the

reactance matches well with the experimental one, and a small discrepancy is observed for

the resistive part of Ztac which is however not surprising regarding that the reactance is two

orders of magnitudes higher than the resistance (the absolute error is actually almost the

same for both < (Ztac) and = (Ztac)).

B. Input impedance at low-amplitude, with heating

In Fig. 4, we present the real and imaginary parts of the input impedance Ztac as functions

of the heat supply Q and for various frequencies of forcing, at low amplitude (heat transport

by sound is therefore almost absent). The stack is placed at a distance of 22 cm from the rigid

plug (i.e. Ltbt = 22 cm). Here again, the results obtained experimentally are compared to

the ones of the model. To that purpose, the geometrical parameters of the stack are kept the

same ( r0 = 0.57 mm, φ = 0.75) but another adjustment of the model parameters are made,

which concerns the heat exchange coe�cient hlat through the side walls along the stack and

the remaining part of the TA core [see Appendix A, Eq. (A12)]. The determination of the

heat exchange coe�cients describing heat transport through the side walls is indeed di�cult

to obtain theoretically. Therefore, these coe�cients are adjusted in the model in such a

12
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FIG. 4. (a) Real parts and (b) imaginary parts of the input impedance of a TAC as functions of

the provided heat power for di�erent acoustic driving frequencies. The stack of length Ls= 4 cm is

placed at the distance Ltbt = 22 cm from the rigid plug of the TAC. Solid lines are obtained from

the measurement, while the simulation results are represented with dashed lines. Note that in the

model the coe�cients hlat [see Appendix A, Eq. (A12)] describing heat leaks through lateral walls

are adjusted so as to match with the experimental data.

way that the reactance of the TAC is close to the one observed in experiments. The values

obtained once this adjustement procedure is achieved are a coe�cient hlat = 70W/m2/K for

the description of lateral heat leaks through the side walls along the stack, and a coe�cient

hlat = 10W/m2/K for the heat leaks through side walls along the remaining part of the

thermoacoustic core. From the analysis of the results depicted in Fig. 4, one can clearly see

that applying a temperature gradient to the TAC strongly impacts both the resistive and the

reactive parts of the impedance. The variations of the reactance = (Ztac) with heating can

be explained by the fact that the propagation of sound is a�ected by temperature gradients

(the speed of sound depends on temperature). More interestingly, the results clearly show,

for both experiments and theory, that the supply of heat leads to a decrease of the resistance

< (Ztac) and even to a change of its sign, which means that above a critical value of heating,

the TAC provides an acoustic gain instead of an acoustic attenuation. Note, however, that

the occurrence of an acoustic gain (within a given frequency range) due to the thermoacoustic
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ampli�cation process does not mean that self-sustained oscillations are generated, because

the coupling of the TAC with the impedance sensor prevents this.

When comparing the results obtained experimentally with the ones obtained theoretically

for the real part of Ztac, it appears that the model only reproduces qualitatively the exper-

imental observation: in both cases the real part decreases with frequency so that acoustic

attenuation becomes an acoustic gain, and in both cases the largest gain is obtained for the

lowest frequency investigated (140 Hz). It is also observed, however, that the model does

not reproduce perfectly the increase of the thermoacoustic gain as a function of the heating

power. There are several reasons which may explain why such a di�erence is observed be-

tween experiments and theory, and we did not try here to reduce the discrepancy between

the model and the experiments, which could have been done by trying to adjust parameters

such as the e�ective thermal conductivity of the stack. Actually, the observed di�erence is

not surprising when considering that the model describes heat transfer through the TAC in

a very simpli�ed way, which is based on a one-dimensional approximation (the temperature

calculated by the model is a mean axial temperature averaged over the cross-sectional area of

the duct). Therefore, it is important to note that in this study, the comparison with a model

is performed with only the objective to facilitate the analysis of the experimental results ob-

tained, and one could even argue that if a high-�delity model of the TAC could be derived

then the interest in characterizing the TAC as a black-box would become unnecessary.

Measurements are performed at low amplitudes of forcing, so that the input impedance

of the thermoacoustic core can be considered as independent on the amplitude of acoustic

pressure. If heat power is supplied to the TAC, a heterogeneous temperature distribution

is produced but the impedance remains linear at low amplitudes of forcing (the impact of

sound on heat transfer is low), and its real part exhibits ampli�cation of sound when it

reaches negative values (as shown in Fig. 4). However, at large amplitudes of forcing, the

impedance of the TAC not only depends on the frequency and the heat supply Q, but also

on the amplitude of the acoustic �eld which impacts the temperature distribution. This

acoustically induced transport of heat is the e�ect which is investigated in the following, by

means of impedance measurements.
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FIG. 5. Normalized step response Hnorm.(t), see Eq. (9), to an increment ∆Q of heat supply (blue

lines), to an increment ∆f of frequency (red lines), or to an increment ∆P of pressure amplitude

(black lines). The default values of Q, P and f are set to Q0 = 0 W, P0 = 50 Pa, and f0 = 150 Hz,

while the values of the increments are chosen as ∆Q = 22 W, ∆P = 86 Pa and ∆f = 20 Hz.

C. Input impedance as a function of heat supply and forcing amplitude.

Prior to proceeding to an experimental mapping of Ztac as a function of the frequency

f , of the heat power Q, and of the peak amplitude P of acoustic pressure measured by the

microphone mounted �ush in the rigid plug of the TAC, a �rst question needs to be addressed,

which deals with the experimental protocol. Supplying heat to the device indeed leads to

a transient regime of temperature variations, and the typical time of thermal equilibrium

must be determined, since Ztac must be measured once the temperature �eld has (almost)

reached steady-state. Moreover, at large amplitudes of acoustic forcing and for a �xed value

of heat power supply, any variation of frequency or any variation of the amplitude of sound

also impacts the temperature distribution. Therefore, it is important on the one hand to

make sure that the measurements of Ztac(ω,Q, P ) are performed once the temperature �eld is

constant, and on the other hand the shortest waiting time between two sets of measurements

must be chosen so that the largest amount of data is obtained within a reasonable time. This

question of a compromise to be found regarding the choice of a typical waiting time between

two measurements is addressed by means of the experimental analysis of the step response

of Ztac to an increment of heating ∆Q, of frequency ∆ω, or of pressure ∆P . In Fig. 5, the
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experimental results obtained for the transient response of Ztac to an increment of acoustic

pressure, of frequency, or of heat supply are presented. More precisely, the normalized step

responses

Hnorm.(t) =
F (t)− F (t = 0)

Max (F (t))− F (t = 0)
(9)

are presented as a function of time, where F either refers to < (Ztac) or to = (Ztac). The

step-responses to an increment in acoustic pressure (black lines), in heating (blue lines),

or in frequency (red lines) are analyzed. From the results depicted in Fig. 5, one can

conclude that, as a �rst approximation, both the real part and the imaginary of the input

impedance Ztac present a step-response similar to the typical response of capacitor to a

voltage increment, although the occurrence of an overshoot is visible for the step-response

of <(Ztac) on the solid blue curve around t ' 100s. Therefore, the results presented in Fig.

5 are used in the following as a guideline for the de�nition of an experimental protocol to

measure Ztac. The protocol to get a complete map of Ztac as a function of P , Q, and ω is

chosen as follows:

1. the heat power supply is �xed to a value Qmin,

2. after a waiting time of 600 s, the electrical power supplied to the loudspeaker is

switched on, and forced oscillation with a frequency f = fmin, and with an ampli-

tude P = Pmin are provided to the TAC,

3. the input impedance Ztac(ω, Pmin, Qmin) is measured as a function of frequency from

f = fmin up to f = fmax with a sampling interval ∆f = 5 Hz, while a lag time of

300 s between two successive measurements is maintained,

4. an increment in voltage supplied to the impedance sensor is applied in such a way that

the sound pressure amplitude rises by ∆P (with ∼100Pa here), and the measurement

of the frequency response function Ztac(ω, Pmin + ∆P,Qmin) is repeated (still with a

lag time of 300 s between two successive measurements),

5. the latter operation is repeated to measure Ztac(ω, P,Qmin) for pressure amplitudes

ranging from Pmin up to Pmax,

6. an increment ∆Q in heat power supply is provided (with ∆Q < 5 W here), and the

measurements are reproduced in accordance with the procedure above, to produce the
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FIG. 6. Real part and imaginary part of the input impedance of a TAC as functions of the pressure

amplitude P for a provided heat power of 21 W. The frequency of acoustic oscillations is �xed

to 170 Hz, and the stack is placed at a distance Ltbt =22 cm from the plugged end. Together

with the experimental results (solid line) a comparison of experimental data with the results of the

theoretical model (dashed line) are presented.

complete map of Ztac(ω, P,Q) with Q ranging from Qmin up to Qmax.

One set of measurements of Ztac(ω, P,Q) for a given position of the stack along the TAC

gives rise to about [15× 34× 4] data points.

In Fig. 6, a �rst set of measurements is presented, which corresponds to the variations

of the real part of Ztac as a function of the pressure amplitude P , for a frequency of 170 Hz,

and a heater power of 21 W. The value of Q is here such that at low amplitudes the real

part of Ztac is negative, which means that acoustic gain is provided by the thermoacoustic

core. The results clearly show that an increase in acoustic pressure amplitude leads to

an increase of < (Ztac), as expected, and < (Ztac) even vanishes around P ≈1 kPa. Such

a result is expected, since the increase of acoustic pressure leads to an increase of the

transport of heat by sound, which itself tends to reduce the temperature gradient (with

subsequent diminution of thermoacoustic sound ampli�cation). The associated results of

the theoretical model are also presented in Fig. 6 using a dashed line: a good agreement

is observed between measurement and theory (which might be explained by the fact that
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the geometrical parameters of the stack as well as the heat exchange coe�cients have been

adjusted beforehand from the measurements at low amplitude, see subsection IIIA and

III B).

D. Prediction of the onset

The results presented above show that the increase of the sound pressure level in the

thermoacoustic core leads to a reduction of sound ampli�cation, and therefore that a bal-

ance between the production and the dissipation of energy in the complete device of Fig.

2(a) should be achieved to determine an operating point corresponding to steady-state os-

cillations. The results of Fig. 6 also show that the impedance of the TAC remains almost

constant for low amplitudes of forcing (typically less than 200 Pa). Therefore, the results

obtained for this linear regime where Ztac (almost) does not depend on P can be used, at

�rst, to determine the conditions for which the onset of the thermoacoustic instability oc-

curs. As mentioned previously in Eq. (8), the connection of the TAC to its load is such

that Zsum = Zload + Ztac must vanish. In the regime of low-amplitudes for which Ztac is

only a function of Q and ω, the onset condition therefore reduces to Zsum (ω,Q) = 0 or to

−Zload(ω) = +Ztac(ω,Q). In Fig. 7(a-b-c-d), the measured variations of the real parts and

imaginary parts of −Zload(ω) and +Ztac(ω,Q) as functions of the frequency are presented

for various amounts Q of heat supplied to the TAC. In this example, the impedance consists

of a straight duct of length Lload = 20 cm terminated by an open end and the measured

impedance −Zload(ω) is presented with dashed lines, while the measured input impedances

of the thermoacoustic core +Ztac(ω,Q) are presented with solid lines for heater powers rang-

ing from Q = 10 W (soft grey lines) up to Q = 20 W (dark grey lines). Although the results

presented in Fig. 7(a-b-c-d) provide useful information, they do not provide an e�ective way

to predict the onset of thermoacoustic oscillations: depending on the value of Q, it appears

that the points of intersection of −= (Zload) with += (Ztac) are located within the frequency

range 161 Hz ≤ f ≤ 166 Hz while the balance of the real parts occurs from f = 138 Hz (if

Q = 10 W) to f = 194 Hz (if Q = 20 W). Since the objective is to �nd a value Qonset of

Q such that both the real part and the imaginary part of Zsum vanish for the same value

ωonset of the angular frequency, a more convenient way to present the results is the one in

Fig. 7(e), where the functions < (Zsum) = 0 and = (Zsum) = 0 are presented as functions of
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FIG. 7. (a-c) Real parts and (b-d) imaginary parts of −Zload and +Ztac measured as functions

of the frequency, for a low amplitude of acoustic forcing (i.e. P ≤ 60 Pa) and for various amounts

of heat supplied to the TAC ranging from Q = 10 W (soft grey lines) up to Q = 20 W (dark grey

lines). (e) Plot of the functions < (Zsum) = 0 and = (Zsum) = 0 as functions of both the frequency

and the heater power. These functions are obtained from a contour plot of experimental data,

where the total impedance Zsum is de�ned as Zsum = Zload + Ztac.

the frequency and the heater power. These functions are obtained from the post-processing

of experimental data using the contour plot tool in the Matlab R© environment. The results

of Fig. 7(e) show that the onset condition occurs at the intersection of the two curves, i.e.

at a frequency fonset ≈ 162.5 Hz and a heater supply Qonset ≈ 12.5 W. The same, but less

visible conclusion can be drawn from the analysis of Fig. 7(a-b-c-d), and this prediction has
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FIG. 8. Plot of the curves < (Zsum) = 0 and = (Zsum) = 0 as functions of the frequency and of the

amplitude of acoustic pressure for provided heat power of Q=22.5W. The curves cross each other

at f∞ = 157.5 Hz, and P∞ = 990 Pa, which corresponds to the impedance matching condition. On

the same plot the measured limit cycle with f = 157.1 Hz and P = 938 Pa is represented using a

diamond marker.

also been con�rmed by performing the experiment in the complete thermoacoustic device.

The mode of representation of the measured data adopted in Fig. 7(e) is the one retained in

the following, where the extension to large amplitudes of forcing is investigated to predict

the frequency and the amplitude of steady-state oscillations.

E. Prediction of steady-state behavior

The impedance matching condition of Eq. (8) remains applicable for the post-processing

of experimental data obtained for large amplitudes of acoustic forcing, and a graphical

analysis similar to the one of Fig. 8 can be used to predict the steady-state angular frequency

ω∞ as well as the associated peak amplitude of acoustic pressure P∞ for any value of the

heat power Q > Qonset supplied to the TAC. This analysis is performed in the case of a

load consisting of a duct of length Lload = 20 cm terminated with an open end, while the

heater power is �xed to Q = 22.5 W. The results obtained after post-processing of the

measured impedances Zload(ω) and Ztac(ω, P,Q) are presented in Fig. 8. According to these

measurements, the device should give rise to a steady-state with a frequency f∞ ≈ 157.5 Hz

and an amplitude P∞ ≈ 990 Pa. Note that the frequency of the predicted self-sustained

oscillations remains, as expected, close to the �rst resonance frequency f = c0/(4L) ≈159 Hz
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FIG. 9. Steady-state prediction from the measurements of impedances Zload(ω) and Ztac(ω, P,Q)

and comparison with the steady-state amplitudes observed in experiments (diamond markers). (a)

Case of a quarter-wavelength thermoacoustic prime-mover, where the load is a straight-duct of

length Lload = 20 cm terminated by an open end, and for three di�erent values of the heat power

supply. (b) Case of a half-wavelength thermoacoustic prime-mover, where the load is a straight-

duct of length Lload =72.9 cm terminated by rigid plug, and for four di�erent values of the heat

power supply.

of a quarter wavelength resonator of length L = Lload + Ltac �lled with air at 1 bar and at

room temperature (c0 ≈ 344m/s). The occurrence of self-sustained acoustic oscillations has

been checked afterwards, by connecting the load to the TAC, and applying the same heater

power to the device. The amplitude of the acoustic pressure is P∞ = 938 Pa at a frequency

f∞ = 157.1 Hz, as shown in Fig. 8 with a diamond marker. The predicted steady-state

pressure amplitude and onset threshold is therefore close to the one observed in experiments.

Additional proof of concept experiments have been performed, where the amplitude of

heating, the position of the stack, or the load have been changed to check that the predictions

of steady-state remain close to the experimental observations. In Figs. 9, the impact of the
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heating power supplied to the TAC is investigated for both cases of a load terminated with

an open end (a), or a load terminated with a rigid plug (b). The results show that the

predictions of acoustic pressure amplitude and frequency remain close to the ones observed

in experiments. Moreover, it is worth noting that the absence of thermoacoustic oscillations

can also be predicted, and con�rmed by experiments: this is indeed the case in Fig. 9(b)

for Q = 14.4 W, where the analysis does not lead to a possibility for impedance matching,

just because the heat power supplied is too low (the absence of thermoacoustic oscillations

was also con�rmed by experiments).

The discrepancies observed in Figs. 9 (a) and (b) between the predicted steady-states

and the ones actually observed can be explained by several sources of errors. The most

important source of errors is probably the one due to the experimental procedure used

to produce the mapping of Zin as a function of Q, ω and P . The thermal inertia of the

system is indeed such that the measurements of Zin had to be made for a limited number

of frequencies, of heat power supply and of amplitudes of forcing, regarding that a latency

time of 300 s was required between two successive measurements. The quality of the sensor's

calibration is also an important source of error, which may impact signi�cantly the predicted

steady-states : the determination of the admittances Y1,2 as functions of ω has to be made

carefully through the two loads calibration procedure. We could check, however, that the

determination of the admittances Y1,2 as functions of the amplitude of forcing is a less critical

aspect of the calibration, since removing this nonlinear calibration in the post-processing of

experimental data leads to small variations of the predicted steady-states (the variations of

P∞ were typically less than 1%). It is also worth pointing out that even if the quality of

measurements should be further improved, there would still be some possible discrepancies

between the predicted steady-states and the ones actually observed, because some sources

of sound saturation may depend on whether the TAC is connected to the impedance sensor

or to an acoustical load : this might be the case, for instance, if acoustic streaming or free

convection should contribute signi�cantly to the temperature distribution within the TAC.

IV. CONCLUSION

In this study, we have presented an experimental approach based on the measurements of

the input impedance of a thermoacoustic core at large amplitudes of acoustic forcing, from
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which it is possible to predict the amplitude and the frequency of steady-state thermoacoustic

oscillations once this thermoacoustic core is connected to a load. The proof of concept of this

approach has been provided successfully for various con�gurations of engines, even though

small discrepancies between the experimental results and the prediction have been observed.

The new method described in this paper could �nd useful applications for the development

of high power thermoacoustic engines, as it provides a way to optimize the coupling between

a thermoacoustic core and its load. It is indeed worth remembering that the prediction of

the performances of thermoacoustic engines are often an overestimate of the performances

actually reached once the engine is operational. This is due to the fact that the design tools

have some known limitations related to the di�culty of describing accurately the operation

of such elements like the stack/regenerator or the heat exchangers at large amplitudes of

acoustic oscillations. Therefore, the measurement of the input impedance provides means to

characterize all of these elements as a whole at an operational amplitude and the optimization

process then comes down to determining an appropriate load that maximizes the overall

e�ciency or the useful power.

The works described in this study also appeal for several perspectives which are described

below. The characterization of the load in terms of a (linear) input impedance could also

be extended to large amplitudes. This is not necessary for the loads employed in this study

(as far as the impact of nonlinear propagation is negligible), but it might be important

for other loads like electromagnetic alternators or bidirectional turbines employed for the

conversion of acoustical power into electrical power, or for other loads like thermoacoustic

heat-pumps (supplied by a thermoacoustic engine). Another extension of this study would

be to measure the transfer matrix of the thermoacoustic core for large amplitudes of acoustic

oscillations: measuring an input impedance indeed has some limitations because one has to

connect the thermoacoustic core (a two-port network) with a rear load (a rigid plug was

used in this study). It would therefore be interesting to develop an experimental set-up

enabling to measure the four elements of a transfer matrix (instead of an input impedance)

as functions of the pressure and the velocity amplitudes at both ends of the thermoacoustic

core: this would avoid consideration of a rear load (as done in this study), or from placing

the thermoacoustic core in a loop (as done for instance in ref.23). Finally, it would be

interesting for future works to address the question of (prediction of) the stability of limit

cycles, because several experimental works have shown that the onset of thermoacoustic
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oscillations sometimes gives rise to complicated dynamics involving multiple stability20 and

hysteretic behaviors29.
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Appendix A: Computation of Ztac

In this appendix, the derivation of the equations used to compute the input impedance

Ztac(ω,Q, P ) are presented. For the sake of conciseness, and because further details can be

found in ref.20 or elsewhere2,3,19,30, only the main principles of the calculation are provided

here. The system considered is the thermoacoustic core presented in Fig. 10, which itself

is composed of three parts, namely the front duct, the stack, and the thermal bu�er tube

(TBT). The calculation of Ztac(ω,Q, P ) is based on the linear thermoacoustic theory3. The

stack has a porosity φ and is treated as a collection of adjacent parrallel channels having

an e�ective pore radius r0. Linear propagation of plane pressure waves is assumed and the

boundary layer approximation is also used to write the continuity, the momentum, and the

energy equations averaged over the cross-sectional area of each channel. The front duct and

the thermal bu�er tube are described with the same equations, but they consist of a unique

channel with inner radius Rtac and a porosity of 1. Therefore, the lossy propagation of plane

waves in each part of the TAC is written as2

dp̃

dx
= −iωρ0

φS

1

1− fν
ũ, (A1)

dũ

dx
= −iωφS

γP0

[1 + (γ − 1)fκ] p̃

+
fκ − fν

(1− fν)(1− σ)

dT0

dx

1

T0

ũ, (A2)

where p̃ and ũ respectively stand for the complex amplitudes of acoustic pressure and volume

velocity, ρ0(x), P0, and T0(x) stand for the mean (time-averaged) density, the mean pressure

and the mean axial temperature, respectively, γ is the speci�c heat ratio of the �uid, S =

πR2
tac corresponds to the cross-sectional area of the TAC, σ = ν∞/κ∞ is the Prandtl number

of the �uid (ν∞ and κ∞ are the kinematic viscosity and the thermal di�usivity of the �uid
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FIG. 10. Geometry of the problem considered for the computation of the input impedance of the

thermoacoustic core Ztac = p̃in/ũin.

at room temperature T∞), and φ is the porosity of the element (φ < 1 in the stack, and

φ = 1 elsewhere). In Eqs. (A1)-(A2), the thermoacoustic process is described through

the thermoviscous functions fκ and fν . These functions depend on the shape and on the

dimensions of the channel. Introducing the characteristic time τ = r2
0/2κ∞, the function fκ

(evaluated at room temperature T∞) is given by2:

fκ =
2

(1− i)
√
ωτ

J1 [(1− i)
√
ωτ ]

J0 [(1− i)
√
ωτ ]

(A3)

for each cylindrical channel of radius r0, where Jm is the Bessel function of order m. The

function fν is easily obtained from fκ, just by replacing τ with τ/σ in the equation above.

A discrete version of these equations is used to solve the problem under consideration,

and accordingly with the notations introduced in Fig. 10, the acoustic propagation through

a short portion of length ∆xn = xn+1 − xn (with ∆xn much shorter than the wavelength

2πc/ω), is described from Eqs. (A1)-(A2) by means of a forward Euler �nite-di�erence

scheme (i.e. setting (dξ/dx) ≈ (ξn+1 − ξn)/∆xn where ξ either stands for p̃, ũ or T ) and is

written as follows:
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p̃n+1 = p̃n −
iωρn∆xn

φS

1

1− fνn
ũn, (A4)

ũn+1 = −iωφS∆xn
γP0

[1 + (γ − 1)fκn ] p̃n

+

[
1 +

fκn − fνn
(1− fνn)(1− σ)

Tn+1 − Tn
Tn

]
ũn, (A5)

where p̃n, ũn and Tn stand for the pressure, the volume velocity, and the mean temperature

at position x = xn, where ρn = ρ∞T∞/Tn stands for the �uid density at temperature Tn,

and where the variations of the viscothermal functions fνn,κn = fν,κ(ω, Tn) with temperature,

due to the variations of ν and κ with Tn, are taken into account using the empirical laws

νn = ν∞(Tn/T∞)1+β and κn = κ∞(Tn/T∞)1+β (with β = 0.77 for air31). If the temperature

distribution is assigned and known for any position xn along the TAC, Eqs. (A4)-(A5) can

be solved to compute the spatial distribution of the acoustic �eld, and therefore to calculate

the input impedance of the TAC, Zin = p̃1/ũ1. However, the temperature distribution is not

assigned here, and a heat power Q is supplied instead, at position x = xn2 . This leads to the

establishment of a temperature distribution which is controled by heat conduction and heat

leaks through lateral walls, and by the thermoacoustic transport of heat through the stack

(which itself depends on the amplitude and the spatial distribution of the acoustic �eld).

The equations describing the steady-state temperature distribution through the stack are

therefore written as32

0 =
Tn−1 − Tn
Rth
n−1

− Tn − Tn+1

Rth
n

− Tn − T∞
Rth
lat

+Q2 (p̃n, ũn)−Q2 (p̃n−1, ũn−1) (A6)

where Rth
n stands for the thermal resistance which accounts for both axial conduction and

acoustically enhanced thermal conduction, where Rth
lat refers to the thermal resistance asso-

ciated to the transverse heat transport towards lateral walls, and where Q2 stands for the

component of thermoacoustic heat �ux which does not depend on the axial temperature

gradient. Each of these terms is written as follows :

Rth
n =

∆x

(λs + Γλn|ũn|2)S
(A7)

Q2 (p̃n, ũn) =
1

2φ
< (g̃np̃nũ

∗
n) (A8)
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where λs refers to the thermal conductivity of the stack, which is estimated as λs = 0.6

W/m/K accordingly with previous works20. The thermoacoustic functions g̃n and Γλn are

de�ned as in ref30

g̃n =
σf ∗νn − fκn
|1− fνn|2

, (A9)

Γλn =
1

(φS)2

ρnCp
2ω(1− σ2)

= (g̃Dn) . (A10)

where the notation f ∗ refers to the conjugate of the complex number f , and where g̃Dn is

de�ned as

g̃Dn =
f ∗νn − fκn

(1 + σ)(1− f ∗νn)
. (A11)

An order of magnitude estimate of the thermal resistance

Rth
latn =

1

2πRtac∆xnhlat
(A12)

can be obtained from the estimate of the heat exchange coe�cient hlat which itself depends

on the geometry and the thermophysical properties of each element (e.g. see20,33). In this

study, the heat exchange coe�cient is adjusted so that the model �ts with experiments (as

described in Sect. III), leading to hlat = 70 W/m2/K, if xn1 ≤ x ≤ xn2 and to hlat =

10 W/m2/K, if 0 ≤ x ≤ xn1 or xn2 ≤ x ≤ xn3 . The same equations as above are also used

to describe heat transport through the front duct and the thermal bu�er tube, except that

the values of thermo-physical parameters (e.g. thermal conductivity, density) are changed

accordingly with the change of properties of the medium, and the thermoacoustic transport

of heat is neglected. The boundary conditions at the interfaces between each part of the

TAC are written to ensure the continuity of the temperature and of the axial heat �ux at

position x = xn1 , while the e�ect of heating at position x = xn2 is written as

Q =
TN2 − TN2−1

Rth
N2−1

+
TN2+1 − TN2

Rth
N2

(A13)

where Rth
n2

= ∆xn
λn2S

is thermal resistance associated to the axial heat conduction through

the thermal bu�er tube, and where λn2 refers to the thermal conductivity of the �uid at

position x = xn2 , which itself depends on temperature through the empirical relation λn2 =

λ∞(Tn2/T∞)β, and where λ∞ = 2.26 W/m/K is the thermal conductivity of air at room

temperature T∞.

The equations describing the steady-state temperature �eld as a function of the heat

supply and of both classical and acoustically induced thermal di�usion are coupled to the
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equations describing the propagation of acoustic waves through the TAC. This leads to a

nonlinear system of equations which is solved numerically. If the angular frequency of acous-

tic oscillations and the amplitude P of acoustic pressure at position x = xn3 are imposed,

then it is therefore possible to calculate the input impedance of the TAC, Ztac(ω, P,Q), for

any value of the heat power Q supplied to the TAC.
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